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Abstract 

The Witten-Reshetikhin-Turaev invariant of classical link diagrams is 
generalized to virtual link diagrams. This invariant is unchanged by the 
framed Reidemeister moves and the Kir by calculus. As a result, it is also 
an invariant of the 3- manifolds represented by the classical link diagrams. 
This generalization is used to demonstrate that there are virtual knot dia- 
grams with a non-trivial Witten-Reshetikhin-Turaev invariant and trivial 
3-manifold fundamental group. 

1 Introduction 

Generalizations of the Jones polynomial have been defined for virtual link di- 
agrams ^21- We continue this process by generalizing the Witten- 
Reshetihkin-Turaev invariant and the colored Jones polynomials to virtual link 
diagrams. The Witten-Reshetihkin-Turaev invariant of classical link diagrams 
is unchanged by the framed Reidemeister moves. It is also 3-manifold invariant 
and is unchanged by the Kirby calculus. This invariant is a weighted sum of 
colored Jones polynomials. Our generalization will also be a weighted sum of 
colored Jones polynomials and invariant under the framed Reidemeister moves 
and a generalization of the Kirby calculus. 

Every framed, classical link diagram represents a 3-manifold via framed 
surgery performed on that link. Two 3-manifolds represented by link diagrams 
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are homeomorphic if and only if their diagrams are related by a sequence of 
framed Reidemeister moves and Kirby calculus moves. The fundamental group 
of this 3-manifold can be computed from a corresponding link diagram. As a 
result, we can formally extend the definition of the 3-manifold group to a virtual 
link diagram. We define a virtual Kirby calculus by generalizing the moves of 
Kirby calculus to incorporate virtual crossings. 

The 3-manifold group of a virtual link diagram is invariant under the framed 
Reidemeister moves, the virtual Reidemeister moves, and the virtual Kirby cal- 
culus. This invariance gives rise to the concept of 'virtual 3-manifolds'. Virtual 
link diagrams appear to have the same structure as classical link diagrams (that 
specify 3-manifolds), but virtual 3-manifolds (specified by non-classical virtual 
diagrams) have no corresponding surgery construction. A virtual 3-manifold 
is, by definition, an equivalence class of link diagrams related by the framed 
Reidemeister moves, virtual Reidemeister moves, and virtual Kirby calculus. 

In this paper, we recall virtual knot theory in sectional We recall the defi- 
nitions of the virtual fundamental group and the generalized Jones polynomial. 
Then, we define the 3-manifold group of a virtual link diagram using the defini- 
tion of the virtual fundamental group. We prove that the 3-manifold group of a 
virtual link diagram is invariant under the framed Reidemeister moves, virtual 
Reidemeister moves and the Kirby calculus. 

In section [31 we recall the definition of the colored Jones polynomial of a 
virtual link diagram. We use this definition to define the Witten-Reshetihkin- 
Turaev invariant of a virtual link diagram. We introduce several formulas that 
reduce the computational complexity of the Witten-Reshetihkin-Turaev invari- 
ant. Finally, we prove that the Witten-Reshetihkin-Turaev invariant is invariant 
under the Kirby calculus. 

The reader should note that all formulas in the paper that are written in 
the form of a graphical equation are formulas that indicate the possibility of a 
substitution of one type of graphic for another graphic in a link diagram. The 
equality in the equation means that the bracket evaluation of the two diagrams 
are equal. 

We compute the Witten-Reshetihkin-Turaev invariant of two virtual knot 
diagrams in the next section. The fundamental group of these virtual knot 
diagrams is Z. The 3-manifold group of one of the virtual knot diagrams is the 
trivial group. However, the Witten-Reshetihkin-Turaev invariant of this virtual 
knot diagrams is non-trivial. This produces a virtual counterexample to the 
Poincare conjecture. 

In the final section, we discuss the difficulties of computing the Witten- 
Reshetihkin-Turaev invariant in the virtual case. We observe that in order to 
compute the Witten-Reshetihkin-Turaev invariant of a virtual link diagram, we 
must compute the Jones polynomial of some complicated virtual link diagrams. 
The formulas given in sections |21 and 0] were computed using Temperly-Lieb 
recoupling theory. The full machinery of recoupling theory does not generalize 
to the virtual case. We present several propositions that highlight the difficulty 
of computing formulas that include virtual crossings. 
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2 Virtual Knot Diagrams 



Virtual knot theory is a generalization of classical knot theory introduced by 
Louis H. Kauffman in 1996 0. In this section, we review classical and virtual 
knot theory. We then recall several classical knot invariants that have been 
generalized to virtual knot diagrams. 

A classical knot diagram is a decorated immersion of S 1 into the plane with 
over/under markings at each crossing. Two classical knot diagrams are said to 
be equivalent is one may be transformed into another by a sequence of Reide- 
meister moves. Local versions of the Reidemeister move are illustrated in figure 
□ 




Figure 1: Reidemeister 



A virtual knot diagram is a decorated immersion of S l into the plane with 
two types of crossings: classical and virtual. Classical crossings are indicated by 
over/under markings and virtual crossings are indicated by a solid encircled X. 
Two virtual knot diagrams are said to be equivalent if one may be transformed 
into the other via a sequence of Reidemeister moves and virtual Reidemeister 
moves. The virtual Reidemeister moves are illustrated in figure [5] Note that 
the classical knot diagrams are a subset of the virtual knot diagrams. 




Figure 2: Virtual Reidemeister moves 

The virtual Reidemeister moves can be constructed from a single diagram- 
matic move: the detour move. The detour move pertains only to virtual cross- 
ings and is performed in the following way. Choose an orientation of the virtual 
knot diagram for convenience. Select two points, a and b, on the virtual knot 
diagram. The arc from a to b, in the direction of the orientation, contains only 
virtual crossings and no classical crossings. Otherwise we may not perform the 
detour move. (This condition is illustrated in figure [3) Remove the arc of the 
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knot diagram from point a to point b, and insert any new arc that does not 
create triple points. All double points produced by the placement of the new 
arc are virtual crossings. 




Correct Condition Incorrect Condition 



Figure 3: The detour move condition 

Proposition 2.1. The detour move is equivalent to a sequence of virtual Rei- 
demeister moves. 

Remark 2.1. We sketch the proof of this proposition. A large scale move like 
the detour move may be broken down in a series of smaller sequential moves. 
These smaller moves involve at most three crossings. Note that each virtual 
Reidemeister move is a detour move. 

Remark 2.2. Equivalence classes of virtual knot diagrams are in one to one 
correspondence with equivalence classes of embeddings of S 1 into thickened, ori- 
ented 2-dimensional surfaces Jffl, 11 If and J^. A surface with an embedded S 1 
is equivalent to a (possibly different) surface with an embedded S 1 if one surface 
with an embedding can be transformed into the other by a sequence of homeo- 
morphisms of the surface, handle cancellations and additions (to the surface), 
and Reidemeister moves in the surface. 

A virtual n-tangle diagram is a decorated immersion of n copies of [0, 1] with 
classical and virtual crossings. The 2n endpoints of the diagram are arranged so 
that n endpoints appear in a row at the top and n endpoints form a lower row. 
Note that it is possible to construct tangle diagrams with no crossings. The 
closure of an n-tangle, T connects each upper endpoint with a corresponding 
lower endpoint as illustrated in figure 01 




Figure 4: The closure of an n-tangle 

We now recall the definition of several invariants of virtual knot diagrams. 
These invariants will be referred to throughout this paper. The writhe of a 
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virtual knot diagram and the linking number of a virtual link diagram are com- 
puted from an oriented diagram. To define these invariants, we introduce the 
sign (crossing sign) of a classical crossing. Each classical crossing in a virtual 




+ 1 -1 

Figure 5: Crossing sign 

knot diagram can be assigned a crossing sign. To compute the crossing sign, 
we orient the knot diagram. Each classical crossing is assigned a ± value based 
on the orientation as shown in figure [SJ Let v be a classical crossing in a vir- 
tual knot diagram. We denote the crossing sign of v as sgn(v). The writhe of 
a virtual knot diagram K is determined by the crossing sign of each classical 
crossing in the diagram. We denote the writhe of K as w(K). 

The Reidemeister I move changes the writhe of a knot diagram. An unknot 
with a single Reidemeister I move, is referred to as ±1 framed unknots based 
on the sign of the crossing. (We illustrate ±1 framed unknots in figure EJ) The 
Reidemeister II and III moves do not change the writhe of a knot diagram and 
are referred to as the framed Reidemeister moves. Two classical knot diagrams 
that are related by a sequence of Reidemeister II and III moves are said to be 
regularly isotopic. 



Figure 6: ±1 Framed unknots 

The linking number of an oriented two component virtual link diagram with 
oriented components, L\ and L 2 , is denoted lk{L\, L 2 ). Let U denote the set of 
all classical crossings formed by the components L\ and L 2 . Then the linking 
number is defined by the formula: 



sgn(v) 

Note that lk{L 1 ,L 2 ) = lk(L 2 , Li) 



v£U 
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Remark 2.3. There is an alternative definition of writhe where lk(Li,L2) and 
lk(Li2,Li) are not necessarily equivalent OV. 

We recall the fundamental group and the longitude of a virtual knot diagram. 
These definitions are used to generalize the 3-manifold group obtained from a 
classical knot diagram to virtual knot diagrams. 

The fundamental group of a virtual knot diagram is a free group modulo 
relations determined by the classical crossings in the diagram. Each segment 
of the diagram starts and terminates at classical crossings (possibly passing 
through virtual crossings) . We assign each segment a label. These labels repre- 
sent the generators of the free group. From each crossing we obtain a relation 
as illustrated in figure [7| 





. a 


— e 


a 



bab = 



b a b = c 



no relation 



Figure 7: Relations determined by crossings 



The fundamental group of a virtual knot diagram is invariant under the 
Reidemeister moves and virtual Reidemeister moves. 

A longitude of a virtual knot diagram is word of the form if 1 ^ 1 ■ ■ ■ l^ 1 
where each is one of the generators of the fundamental group. We compute a 
longitude by choosing an initial point on the diagram. We traverse the virtual 
knot diagram from the initial point in the direction of its orientation. We record 
either b or b^ 1 as we traverse an underpass under the arc b. We determine 
whether to record b or 6 _1 as shown in figure [S] The longitude of a virtual knot 
diagram is determined up to cyclic permutation of its members. 



b recorded 



-1 



-1 

b recorded 



Figure 8: Longitude determined by crossings 



The three-manifold group of a virtual knot diagram K, ttm{K), is the fun- 
damental group modulo the longitude. The three-manifold group is invariant 
under the Reidemeister moves II and III, the virtual Reidemeister moves, and 
the Kirby calculus. The virtual Kirby calculus consists of two moves: the intro- 
duction and deletion of ±1 framed unknots and handle sliding. We describe a 
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handle slide for a framed virtual link diagram K with at least two components, 
A and B. Diagrammatically, handle slide A over B by the following process. 
Replace B with two parallel copies of B. Take the connected sum of A and the 
outermost copy of B. 

We show an example of this process in figure where a +1 framed unknot 
is slid over a trefoil. 




Figure 9: A example of a handle slide with virtual crossings 



These two moves are called the Kirby moves. 

Remark 2.4. In the case of classical link diagrams, the definition of the clas- 
sical Kirby calculus is identical to the definition given above without virtual 
crossings. 

Remark 2.5. The following question has been posed: if two classical diagrams 
are equivalent under the virtual Kirby calculus, are they equivalent under the 
classical Kirby calculus. 

The 3-manifold group is invariant under the framed Reidemeister moves and 
the virtual Reidemeister moves. It remains to prove that the 3-manifold group 
is invariant under the Kirby moves. 

A classical framed link diagram represents the three manifold obtained by 
removing a small neighborhood of each component of the link diagram, and 
gluing in a solid torus so that the meridian is identified with the longitude of the 
removed link component |13| . The Reidemeister I move changes the longitude 
of a knot diagram and changes the identification used to glue in the torus. 

For example, the fundamental group of an unknot with writhe and the 
fundamental group of a ±1 framed unknot are both Z. However, the 3-manifold 
group of an unknot with writhe zero is Z and the three-manifold group of the 
±1 framed unknot is the trivial group. The unknot with writhe represents 
S 1 x S 2 and the ±1 framed unknot represents S 3 . 

Theorem 2.2. If two classical framed link diagrams, K and K , are related by 
a sequence of Kirby moves and framed Reidemeister moves then 

n M (K)=n M (K) 

and the two diagrams represent homeomorphic three manifolds. 

Proof: P3]. | 
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Theorem 2.3. The 3-manifold group of a virtual knot diagram K , is invariant 
under the framed Reidemeister moves, the virtual Reidemeister moves ( detour 
move) and the Kirby calculus. 

Proof: The fundamental group is not changed by the framed Reidemeister 
moves and the virtual Reidemeister moves. The longitude is also unchanged by 
the Reidemeister II and III moves and the detour move. This implies that the 
3-manifold group of a virtual knot diagram is not changed by these moves. We 
only need to show that the 3-manifold group is unchanged by the Kirby moves. 

The 3-manifold group of a ±1 framed unknot is trivial and the introduction 
of a disjoint ±1 framed unknot to the diagram does not change the 3-manifold 
group. 

We consider the effect of handle sliding on a virtual knot diagram. Consider 
a virtual knot diagram with two disjoint components, oriented as shown in 
figure ^3 Denote the two components by Ki and K 2 , the 3-manifold group 
by ttm(Ki II K2), and the longitudes of K% and K% as L\ and L2. Assume 
that the arcs of K\ are labeled sequentially as Z.Z\,Zi ■ ■ ■ Z m in the direction 
of orientation. The placement of the labeled arc Z is indicated in figure 1101 
Similarly, the arcs of the component K2 are labeled in the direction of orientation 
as Ai, A2, . . . A n . (To generalize the argument, we would consider the different 
possible orientations of K\ and K2, and the case where K2 is a link with multiple 
components.) 




Figure 10: Two virtual knot diagrams before a handle slide 

Handle slide K\ over K2, and we obtain the diagram shown in figurc^J Let 
K denote the new diagram, ttm(K) the corresponding 3-manifold group, and 
L\ and L2 the new longitudes. 



/\ A 




Figure 11: Two virtual knot diagrams after a handle slide 

The virtual crossings do not produce any new relations, therefore we need 
only examine the effect of the handle slide on the classical crossings. Each 
original crossing in K\ is unchanged. Each classical crossing in K2 becomes a 
set of four classical crossings whose four relations reduce to a single equation. 
Consider a positive crossing in K2 as shown in figure IT21 
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+ Crossing 1 - Crossing a i 

Figure 12: Detail of of a crossing before and after a handle slide 

We obtain the following relationship from a positive classical crossing before 
handle sliding: C _1 AiC = Ai+i. After handle sliding, we obtain four relations 
from the positive crossing. 

c~ Y gc = a.j + i c^gc = a i+1 
c diC = g c~ x hiC = g 

These equations may be simplified to two equations: 

C _1 CT X CLiCC = <Ij-|-l 

c~ l cT 1 (iiCC = di + i 

Multiplying, we obtain a single relation from each set of four positive crossings: 

(cc)~ 1 {a i a i )(cc) = a i+ ia i+ i 

The change for negative classical crossing is also shown in figure El We also 
obtain a single relation in the case of a negative crossing. 

(cc^aiai^ccy 1 = di+iai+i 

Consider the longitude of K2 ■ Compute the original longitude by traversing 
the knot starting at A±. If L2 = {x^ 1 , xf 1 ■ ■ ■ x^ 1 } then 

L2 = {(XlXl)* 1 , (x 2 X 2 ) ±1 ■ ■ . (x'nXn)^}. 

Hence, L2CL1ZL2 = a±z implies that z = z. Further, if L\ is computed by 
traversing the knot from z in the direction of the orientation, then we observe 
that L\ — L\Ij2. These computations allow us to conclude that ttm(K) — 

We recall a generalization of the bracket model [7| to define the generalized 
Jones polynomial of a virtual knot diagram. Each classical crossing may be 
smoothed as a type a smoothing or a type (3 smoothing as illustrated in figure 

D3 

A state of a virtual knot diagram is a diagram determined by a choice of 
smoothing type for each classical crossing. Note that a state of a virtual link 
diagram may contain virtual crossings and consists of closed curves (possibly) 
with virtual crossings. 



TvDe oc 



Type P 



Figure 13: Smoothing types 

Let K be a virtual knot diagram. Let s be a state of the virtual knot diagram, 
let S represent the set of all possible states and let c(s) equals the number of 
type f3 crossings minus the number of type a crossings. Let \s\ denote the 
number of closed curves in the smoothed diagram and d = — (A 2 + A 2 ). The 
bracket polynomial of K denoted (K) then: 

(K) =^d |s| - 1 A c(s) 
ses 

The bracket polynomial is invariant under the Reidemeister II and III moves and 
the virtual Reidemeister moves. To obtain invariance under the Reidemeister I 
move, we use the writhe of K to normalize. We define the normalized bracket 
polynomial of a virtual knot diagram. 

f K (A) = (-A)- 3w ^(K) 

The only difference between this definition and the definition of the classical 
Jones polynomial is that a state of virtual knot diagram is set of closed curves 
(possibly containing virtual crossings) and not a set of simple closed curves. 
The Jones polynomial, Vft-(i),and the bracket polynomial are related by letting 

A = t- 1 /\ 

f K (t 1/4 ) = V K {t) (2) 

In the next section, we introduce the Witten-Reshetihkin-Turaev invariant. This 
invariant will be generalized to virtual knot diagrams and is invariant under the 
Kirby calculus, framed Reidemeister moves, and the virtual Reidemeister moves. 

3 The Witten-Reshetikhin-Turaev Invariant 

In this section, we extend the definition of the Witten-Reshetikhin-Turaev in- 
variant m>!> El) El to virtual link diagrams. First, we recall the definition 
of the Jones- Wenzl projector fq-svmmetrizer'l [TO] . We then define the colored 
Jones polynomial of a virtual link diagram. It will be clear from this definition 
that two equivalent virtual knot diagrams have the same colored Jones poly- 
nomial. We will use these definitions to extend the Witten-Reshetikhin-Turaev 
invariant to virtual link diagrams. From this construction, we conclude that 
two virtual link diagrams, related by a sequence of framed Reidemeister moves 
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and virtual Rcidcmcistcr moves, have the same Witten-Reshetikhin-Turaev in- 
variant. Finally, we will prove that the generalized Witten-Reshetikhin-Turaev 
invariant is unchanged by the virtual Kirby calculus. In the next section, we 
present two virtual knot diagrams that have fundamental group Z and a Witten- 
Reshetikhin-Turaev invariant that is not equivalent to 1. 

To form the n-cabling of a virtual knot diagram, take n parallel copies of 
the virtual knot diagram. A single classical crossing becomes a pattern of n 2 
classical crossings and a single virtual crossing becomes n 2 virtual crossings. 

Let r be a fixed integer such that r > 2 and let 



A = 



Here is a formula used in the construction of the Jones- Wenzl projector. 

^2n+2 _ ^-(2n+2) 



A n = (-1)' 



A 2 - A- 2 



Note that Ai = — (A 2 + A~ 2 ), the value assigned to a simple closed curve by the 
bracket polynomial. There will be an an analogous interpretation of A„ which 
we will discuss later in this section. 

We recall the definition of an n-tangle. Any two n-tangles can be multiplied 
by attaching the bottom n strands of one n-tangle to the upper n strands of 
another n-tangle. We define an n-tangle to be elementary if it contains to no 
classical or virtual crossings. Note that the product of any two elementary 
tangles is elementary. Let I denote the identity n-tangle and let U% such that 
i G {1,2, ,..n — 1} denote the n-tangles shown in figure ITU By multiplying 



u 
n 



u 
n 



n 



Figure 14: Elementary n-tangles 



a finite set of UiJJi 2 . . . Ui n , we can obtain any elementary n-tangle. Formal 
sums of the elementary tangles over Z[A, A -1 ] generate the n th Temperly-Lieb 
algebra [TU|. 

We recall that the n th Jones- Wenzl projector is a certain sum of all elemen- 
tary n-tangles with coefficients in C JUj, We denote the n th Jones Wenzl 
projector as T n . We indicate the presence of the Jones- Wenzl projector and the 
n-cabling by labeling the component of the knot diagram with n. 

Remark 3.1. There are different methods of indicating the presence of a Jones- 
Wenzl projector. In a virtual knot diagram, the presence of the n th Jones- Wenzl 
projector is indicated by a box with n strands entering and n strands leaving the 



11 



box. For n- cabled components of a virtual link diagram with a attached Jones- 
Wenzl projector, we indicate the cabling by labeling the component with n and 
the presence of the projector with a box. This notation can be simplified to the 
convention indicated in the definition of the the colored Jones polynomial. The 
choice of notation is dependent on the context. 

We construct the Jones- Wenzl projector recursively. The I s * Jones- Wenzl 
projector consists of a single strand with coefficient 1. The is exactly one 1- 
tangle with no classical or virtual crossings. The n th Jones- Wenzl projector is 
constructed from the (n—l) th and (n — 2) th Jones- Wenzl projectors as illustrated 
in figure ED 



q 




Figure 15: n Jones- Wenzl Projector 

We use this recursion to construct the 2 nd Jones- Wenzl projector as shown 
in figure [TBI 
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Figure 16: 2 Jones- Wenzl Projector 

We will refer to the Jones- Wenzl projector as the J-W projector for the 
remainder of this paper. 

We review the properties of the J-W projector. Recall that T n denotes the 
n J-W projector then 

i) T n T m = T n for n > m 
ii) T n U t = for all i 
iii) The bracket evaluation of the closure of T n — A„ 

Remark 3.2. The combinatorial definition of the J-W projector is given in 
\1CH/ . p. 15. Note that \10f vrovides a full discussion of all formulas given above. 

Let if be a virtual link diagram with components K\,K% . . . K n . Fix an 
integer r > 2 and let ai, 02 ■ ■ ■ a n £ {0, 1, 2, ... r — 2}. Let a represent the 
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vector (ai, 0,2, ■ ■ ■ a n ). Fix A = e^ and d = —A 2 — A~ 2 . We denote the 
generalized a colored Jones polynomial of K as (K a ). To compute (K a ), we 
cable the component Ki with a* strands and attach the af 1 J-W projector to 
cabled component Ki. We apply the Jones polynomial to the cabled diagram 
with attached J-W projectors. 

The colored Jones polynomial is invariant under the framed Reidemeister 
moves and the virtual Reidemeister moves. This result is immediate, since the 
Jones polynomial is invariant under the framed Reidemeister moves and the 
virtual Reidemeister moves. 

Remark 3.3. The a-colored Jones polynomial of the unknot is A a . In other 
words, the Jones polynomial of the closure of the a th J- W projector is A a . 

The generalized Witten-Reshetikhin-Turaev invariant of a virtual link dia- 
gram is a sum of colored Jones polynomials. Let K be a virtual knot diagram 
with n components. Fix an integer r > 2. We denote the unnormalized Witten- 
Reshetikhin Turaev invariant of K as (K"), which is shorthand for the following 
equation. 

(K^)= E A Ql A Q2 ...A Q „<in (3) 

oe{0,l,2,...r-2} n 

Remark 3.4. For the remainder of this paper, the Witten-Reshetikhin-Turaev 
invariant will be referred to as the WRT. 

We define the matrix N in order to construct the normalized WRT JU] . Let 
N be the matrix defined as follows: 

i) Nij =lk(Ki,Kj) ioxi^j 

ii) Nu =w{Ki) 
then let 

6 + (K) = the number of positive eigenvalues of N 
b- (K) = the number of negative eigenvalues of N 
n(k) = b+{K) - b-(K). 

The normalized WRT of a virtual link diagram K is denoted as Zk{t). Let 
A — and let |fc| denote the number of components in the virtual link diagram 
K. Then Zx{r) is defined by the formula 

Z K {r) = (K^)^ +1 a- n ^ 

where 

(i = J-sin(-) 
V r r 

and 

o ■ r 3(r-2) n 

a = {-i) r - 2 e l7T[A T^l 
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This normalization is chosen so that normalized WRT of the unknot with writhe 
zero is 1 and the normalization is invariant under the introduction and deletion 
of ±1 framed unknots. 

Let U be a +1 framed unknot. We recall that a = ^(1)^) , page 146. 
Since U and K are disjoint in K II U then ((K II U)") = (K")(U"). We note 
that b + (KlIU) = b+(K) + l, b-(KUU) = b-(K), and \KUU\ = \K\ + 1. We 
compute that 

As a result, 

Z KUu( r ) = Z K(r)- 

We demonstrate that the normalized, generalized WRT is invariant under 
the framed Reidemeister moves and the Kirby calculus. The WRT is a sum of 
colored Jones polynomials and it is clear that the WRT is invariant under the 
framed Reidemeister moves and the virtual Reidemeister moves. In particular, 
the normalized WRT is invariant under the first Kirby move (the introduction 
and deletion of ±1 framed unknots) due to the choice of normalization. We only 
need to show invariance under handle sliding. 

Theorem 3.1. Let K be a virtual link diagram then Zk(t) is invariant under 
the framed Reidemeister moves, virtual Reidemeister moves, and the virtual 
Kirby calculus. 

In the next few subsections, we introduce some necessary machinery. 

In the classical case, the computation of this invariant is simplified by the use 
of recoupling theory. In the next section, we introduce formulas from recoupling 
theory JHj- Recoupling theory establishes a relationship between labeled knot 
diagrams and labeled trivalent graphs with classical and virtual crossings. These 
formulas allow us to compute the WRT without a full expansion of the Jones 
polynomial. 

3.1 Kirby Calculus Invariance 

These formulas are obtained from recoupling theory at roots of unity |1(J|. The 
formulas simplify the computation of the WRT. They will be used to prove that 
the WRT is invariant under Kirby calculus. 

Consider a virtual link diagram with components: K%, Ki ■ ■ ■ K n . We cable 
component K% with at strand and attach a J-W projector. This virtual link 
diagram can be regarded as a collection of labeled trivalent graphs (each with 
one edge and no vertices) with classical and virtual crossings. We introduce 
some formulas obtained from recoupling theory 8 . These formulas describe 
identities between sums of bracket evaluations of labeled trivalent graphs. A 
full derivation of each formula can be obtained in |1U|. 

Given a trivalent vertex with labels a, b, and c coming into the vertex, we 
translate this into an expression of J-W projectors. We connect the internal 
lines as indicated in figure El Note that i+j = a,j + k = b, and k + i = c 
where and k are non-negative integers. In order for such a construction to 
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be made: a + b + c is even, a + b — c> 0, b + c — a > 0, and c + a — b > 0. These 
conditions are an admissibilty condition for translating any trivalent vertex into 
projectors for evaluating the colored Jones polynomial for any value of a. We 
now give a more technical definition of admissibility for evaluation at roots of 
unity. 




Figure 17: Associating projectors to a trivalent vertex 

Fix an integer r > 2 and let A — e*. The quantum factorial is a factorial 
product based on A„. Let < m < r— 1. The m th quantum factorial is denoted 
by [m]\. Now, 

[n] = (-1)"- 1 A„_ 1 
[0]! = 1 and [1]! = A 
= [m][m- !]...[!]. 
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For r, an admissible triple is a set of three non-negative integers such that: 

i)a + b + c < 2r — 4 and is even 

ii) a + b - c > 

iii) a + c — b > 

iv) b + c - a > 

We recall the 6>-net formula, 8(a,b,c) . Let a,b,c be an admissible triple 
and let m = 2±§=£, n = 3:± §= k , and p = h -^-± then 

Ma b r\ - ( 1 ) m + n +P \ m + n + P+ l V-M-WW U) 
( ' ' ' [m + n}\[n + p}l[p + m}\ [ ) 

The labeled trivalent diagram shown in figure ^] is referred to as a 8-net. The 
virtual link diagram represented by the 0-net diagram is pictured on the right 
(by using the prescription for replacing trivalent vertices with projectors and 
reducing them). The Jones polynomial of this virtual link diagram is 6(a, b, c). 

Note that we can only construct the link diagram corresponding to a 9-net 
if (a, b, c) is an admissible triple. 

The formula shown in figure 1191 (a special case of the recoupling formulas 
from section 03 expresses the fact that the bracket evaluation of a diagram 
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Figure 18: 0-Nct Graph 



with two nearby arcs can be replaced with the bracket evaluation of the sum of 
diagrams obtained by the indicated graphical insertion. 



I c. 




Figure 19: Graph fusion 
The coefficients Cj in this sum are: 

a a < 



9(a, b, i) 



(5) 



We can only construct the corresponding virtual link diagram when (a, b, i) is 
an admissible triple. 

These formulas simplify the computation of the WRT of a virtual link dia- 
gram. 

To prove that the normalized WRT of a virtual knot diagrams is unchanged 
by the virtual Kirby calculus, we need only demonstrate that the WRT is un- 
changed by handle sliding. We prove the following lemma: 

Lemma 3.2. Suppose that (K u ) satisfies the conditions shown in figure Wb\ 
Then {K u ) is invariant under handle sliding. 

Proof: 

Let K\ and K2 be two disjoint components of a virtual knot diagram. Let 
G\ denote the cabled K II K with J-W projectors attached as illustrated in 
figure E] 

We handle slide K\ over the knot K2 to obtain the diagram G4. We will 
show that (Gf) = {G%). 

Fix r > 2 and let I = {0, 1, ... r - 2}. Then: 



a,bel 
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Figure 20: Conditions for Lemma I5"2l 

Fix a and consider the sum: 

5> a A b ((J^IIK 2 )^ b >} (6) 
bei 

Figure 21: Recoupling move for the handle slide 

Perform fusion on K\ and K2 and obtain the new diagram G2. Now: 

$>A 6 <G^> = £A Q A b £-^- <4°' M) > 
bei bei ieI °^ ^) 

We slide the upper vertex of this graph until we obtain the diagram G3 as 
shown in figure [53 Sliding this edge corresponds to a sequence of Reidemeister 
II, III and virtual Reidemeister moves. 

As a result, 

£A a A b (G^) = £ §^%G^) (7) 
bei Me/ [ ' ' J 

Applying the inverse of the fusion formula to the previous equation: 
£A a A h (G( a ' h) ) = £A a A l (Gi a ' l) ) 

66/ iel 
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Figure 22: Rccoupling diagrams after fusion 



Now: 

J2A a A b {G{ a - b} )=J2(G i r ) ) (8) 

a,b£l a,i£l 

Hence, (G^' u) ) = (G^' u) ).t 



4 Examples 

In this section, we compute the WRT of the two virtual knot diagrams, K and 
K, shown in figure l2lfl 



Figure 23: Virtual knot diagrams, K and K 



Both K and K have fundamental group Z. The three-manifold groups of 
these diagrams are 

Km(K) = Z 2 and ir M (K) = 1. 

Note that ttm^ 1 xS 2 ) = Z and tt m (S 3 ) = 1. 

To compute the WRT of these virtual knot diagrams, we recall the following 
formulas from recoupling theory. These formulas establish a correspondence 
between labeled trivalent graphs and sums of virtual knot diagrams with coef- 
ficients in C. 

We define the tetrahedral net formula. Let a, 6, c, d, e and / be non-negative 
integers. 

G tt _(-l) s [* + l]! 
E H " " 



Tet 



a b e 
c d f 



m<s<M 



(9) 
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such that 



E 
ai 

h : 



[a] 


[b]\[c] 


[d]\ 


[e]! 


(a 


+ d + 


e) 




(a 


2 

+ d + 


f) 




(a 


2 

+ c + 


e + 


/) 


(a 


2 

+ b + 


c + 


d) 


2 



G = ]J[b j -a i }\ 



hi 



a 2 

0,4 
t>2 



(b + c + e) 
2 

(b + c+f) 
2 

(b + d + e + f) 



m = min{ai, a2, 0,3, 0,4} M = max{bi, 62, 63} 

The trivalent graph shown on the left in figure l2"H corresponds to the link 
diagram shown on the right. The Jones polynomial of this virtual link diagram 
is 

Tet \ a b , e }. (10) 
c d f 





Figure 24: Tetrahedral net graph 

We may remove a classical crossing from a trivalent graph using the following 
formula. We define the weight coefficient: 

,„ t , , a + b-c a(q + 2) + b(b + 2)-c(c+2) 

A" 6 = (-l)^ - A ^ . 

The complex conjugate of is : 



Tnh , , - a + b-c a (a + 2) + b( b+ 2) - c (c + 2) 

A" 6 = (-l)^ - A ^ . 



(11) 

We remove a simple twist from the diagram as shown in figure l2"Kl The equalities 
indicate that the bracket evaluations of the two diagrams are equivalent. 

We may also simplify a trivalent graph using the formula shown in figure 12^1 
We refer to this simplification as a bead removal. 

The following formula equates a classical crossing with a weighted sum of 
trivalent subgraphs. We exchange a crossing for a sum of trivalent subgraphs 
as shown in figure E3 

where 



Xi 



A t Af 
9(a,b,i) 



19 



Figure 25: Graphical Xf 




a" 



Figure 26: Bead removal formula 



4.1 Computations 

Let K and K be the diagrams shown in figure ESI We compute (K") and (K u ). 
Applying the definition of the WRT, 

a 
a 

Now, we use the formulas obtained from recoupling theory to transform the 
virtual knot diagrams K and K into the trivalent graph G shown in figure l2"51 
As a result: 



ff 6{a,a,i)0{a,a,j) ■> 
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Note that (a,i,j) is not an admissible triple unless i = j. Then: 



\2 ( \ aa\2 



' 9(a, a, i) 2 



, a,i) 5 

Applying the 0-net identity, we obtain the graph, G' , shown in figure [2*^1 

a a 

J 

a J 

a " y G 

Figure 28: Graph obtained from K and K 




Now, 




i G' 

Figure 29: Reduced graph obtained from G 



^) = E A -^-r( A n 2 (G'} 

^— ' via.a.i) 

l,CL ' y 

= E A «^-r( A r) 2 Ao QQ (G") 

i, a 

We determine for which values the triple, (a,a,i), is admissible. We then 
compute the Jones polynomial of the virtual link diagrams corresponding the 
the labeled graph, G". 

We indicate these values in table 14. ll If the triple (a, a, i) is not admissible, 
we have entered a zero in the corresponding table entry. 

For r = 3: 



(K») 



Ag(A°°) 2 (G') , A|(A^) 2 (G') 



0(0,0,0) 



(1,1,0) 
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a = 


a = 1 


i = 


1 


-A 2 - A-' z 


i = 1 









Table 1: Jones polynomial of the graph G' , r = 3 





a = 


a = 1 


a = 2 


i = 


1 


-A 1 - A-' 1 




i = 1 











i = 2 





-A" - A~' A 






Table 2: Jones polynomial of the graph G' , r = 4 



and 

- Ag(Ag°)3(GQ A|(AmgQ 
K ' 0(0,0,0) + (9(1,1,0) • 

Now, 

(if") = 

(if") = 1+2 

We fix r = 4. We determine for what values (a, a, i) is an admissible triple. 
We then compute the Jones polynomial of the virtual link diagram correspond- 
ing to the graph G 2 - 

We compute (if") when r = 4. 

_ Ag(Ag°) 2 (G') Ag(A^) 2 (G') 

0(0,0,0) 0(1,1,0) 

A 2 (A 22 ) 2 (G') A|(A^) 2 (G") 
0(2,2,0) 0(1,1,2) 

Similarly, we compute the WRT of K when r = 4. 

A 2 (A°°) 3 <G') , A 2 ^ 1 ) 3 ^') 



0(0,0,0) 0(1,1,0) 



We determine that 



A 2 (A 22 ) 3 (G') A 2 (A^) 2 A^(G') 
0(2,2,0) 0(1,1,2) 



(if) = 1.29289+ 1.70711* 
(if) = 1.23044 + 0.92388i 
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The virtual knot diagram K has b+(K) — and b~(K) — implying n(K) = 
— 1. Now, we normalize the WRT and determine that: 



Z K (3) = 

Z & (3) = 0.707107i 



We determine that the normalized WRT when r = 4. 



Z K {4) = -0.517982 + 0.135299i 
Z k {A) = -0.331106 + 0.195807i 



5 Recoupling Theory and Virtual Knot Diagrams 

Recall the recoupling theorem |10| . 

Theorem 5.1 (Recoupling Theorem). A single labeled trivalent graph is 
equivalent to a sum of labeled trivalent graphs with coefficients in C as illustrated 
in figure VJIK Note that 



Figure 30: Graph exchange (exchanging a H-shaped graph for an I-shaped 
graph) 



Proof: dD]. | 

Remark 5.1. One of the formulas given in section\^ is a special case of the 
recoupling theorem. In particular, if j = 0, we obtain the fusion formula from 



We now prove a theorem that demonstrates a sum of -f/-shaped trivalent 
graphs can be rewritten as a sum of / shaped trivalent subgraphs. This proce- 
dure gives the appearance of sliding edges past the vertices of the trivalent graph. 
Using the recoupling theorem, we may transform any trivalent graph without 
virtual crossings into a sum of weighted string of beads graphs as illustrated in 
figure 0^ 




d 



Gi = 




(12) 



section [3J 
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Figure 31: Example: String of Beads Graph 



Lemma 5.2 (Trivalent Graphs). A classical knot diagram may be trans- 
formed into a string of beads graph by replacing each classical crossing with a 
trivalent subgraph and applying the recoupling theorem. 

Remark 5.2. This result follows from the fact that thickening an I-shaped and 
a H-shaped graph produces two homeomorphic surfaces. The surface produced 
by thickening any planar graph is a n-punctured sphere. The punctured sphere 
deformation retracts to a string of beads graph after homeomorphism. We will 
generalize this approach to show that virtual link diagrams correspond to a spe- 
cific type of trivalent graphs. This lemma will be proved as a sub case of Lemma 
E3 Refer to '1W, p. 115. 

The recoupling formula allows us to translate any planar trivalent graph (no 
virtual crossings) into a string of beads graph. This fact restricts the types 
of subgraphs that occur (in graphs obtained from classical link diagrams) to 
a small number of possibilities. As a result, we need only compute formulas 
that determine the WRT of the classical tangle diagrams that correspond these 
labeled subgraphs. In particular, it is sufficient to compute the coefficients that 
correspond to the insertion and deletion of #-net subgraphs. 

The reduction to a simple string of beads does not hold for virtual link di- 
agrams. We can remove all classical crossing from the diagram by exchanging 
the classical crossings for H or I shaped trivalent subgraphs, and obtain a triva- 
lent graph with only virtual crossings. However, we can not remove all virtual 
crossings by applying the recoupling theorem. For example, the graph shown in 
figure 13*2*1 can not be reduced to a trivalent graph without virtual crossings. 



The reduced form of a virtual knot diagram is similar to a string of beads 
graph but includes three different types of beads. The reduced form of the 
virtual knot diagram is a string of super beads, twisted beads and beads. We 
illustrate the possible three bead types from the virtual case in figure """3*1 




Figure 32: Unreduceable super bead 
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Bead Twisted Bead Super Bead 



Figure 33: Beads types formed by virtual knot diagrams 

We prove that the WRT of a virtual link diagram is equal to a weighted sum 
of the Jones polynomial of virtual link diagrams. The virtual link diagrams are 
indicated by labeled virtual string of beads graphs. These string of bead graphs 
are obtained from the virtual link diagram by applying the recoupling theorem 
and crossing exchange. We first prove a lemma that demonstrates any trivalent 
graph with virtual crossings can be transformed into a string of the three bead 
types by sliding edges. 

Lemma 5.3 (Graphical Lemma). Any trivalent graph with virtual crossings 
may be reduced to a trivalent string of beads graph with three possible types of 
beads: the standard bead, twisted bead, and super bead. This graph will contain 
at most one twisted bead. 

Proof: Thicken the graph so that the graph is the core of a compact oriented 
surface, T(G). An example of a graph and its corresponding thickened surface 
is shown in figure l3"4l Note that we may apply homeomorphisms these surfaces 
and the surfaces do not depend on the choice of embedding in 3 dimensional 
space. The two surfaces on the right hand side of figure El are equivalent. 




Figure 34: Thickened graph 

Note that if the graph, G has 2n vertices, then G has 3n edges since the 
graph is trivalent. The Euler characteristic of the surface, T(G) is — n (since G 
is a deformation retract of T(G)). Without loss of generality, we assume that 
the surface has k boundary components. 

Recall the following theorem from [5]. 

Theorem 5.4 (Surface Classification). Let M be a connected, compact, 
orientable surface of Euler characteristic x- Suppose dM has k > boundary 
components. Then x + k is even. Let p = 1 — ( x + fc ) then M is diffeomorphic to 
the surface obtained from an orientable surface of genus p by the removal of the 
interiors of k disjoint disks. 
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Applying Theorem 15.41 x(5) + k = —n + k and — n + k is even. Let p = 
1 — ~^ +fc ■ We observe that T(G) is the connected sum of p tori with k punctures. 
Each torus component contributes a handle pair. Each handle pair corresponds 
to a either a twisted bead or part of a super bead depending on the number of 
punctures. Each punctured disk forms a either plain bead or part of a super 
bead as shown in figures and l3*6l 




Figure 35: Surfaces corresponding to the standard bead and the twisted bead 




Figure 36: Surfaces corresponding to the super bead 

For example, a surface with one handle pair and one puncture corresponds 
to a single twisted bead on a loop (the graph shown in figurel3"2")l. The connected 
sum of three tori with one puncture and its corresponding graph are shown in 
figure [iTTl 




Figure 37: A surface and its corresponding graph 

After isotopy, any surface that is the connected sum of p tori with k punctures 
as may be regarded as a series of p handle pairs attached to a disk with k — 1 
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punctures. As a result, these surfaces deformation retract to a string of beads 
type trivalent graph with standard beads, twisted beads, and a single super 
bead. I 

Theorem 5.5 (Virtual Recoupling Theorem). Let K be a labeled virtual 
link diagram. Using the recoupling theorem and crossing expansion, we may 
transform the virtual link diagram into a sum of labeled trivalent, string of beads 
graphs with coefficients in C. The WRT of the labeled virtual link diagram is 
equal to the WRT of the sum of weighted trivalent graphs. 

Proof: From the previous theorem, it is clear that we can transform a 
virtual link diagram into a string of beads graph using the recoupling theorem 
and crossing expansion without coefficients. After determining this sequence of 
transformations, apply the appropriate coefficients and labels indicated by the 
recoupling theorem, the crossing expansion formula, and the initial labeling of 
the link. I 

5.1 Obstruction to Weight Formulas 

Recall that the n th Jones- Wenzl idempotent has the property that T n Ui = 
for any elementary n-tangle C/j. We cannot easily extend the evaluation for- 
mulas given earlier in this paper because the Jones- Wenzl projector does not 
necessarily have the property that T n P n = when P n is a n-tangle with only 
virtual crossings. In the classical case, we relied on this fact to simplify the 
recursive formulas. The recursion formulas needed to determine the value of 
the Jones polynomial of T n P n depend on the position of the virtual crossings. 
The evaluation of these formulas requires that we know the Jones polynomial 
of the closure of T n -iP n -i for all (n — l)-tangles P n -i containing only vir- 
tual crossings. We prove two theorems that indicate the complexity involved in 
computing the Jones polynomial of T n P n 

Theorem 5.6. The n th J- W projector, T n , does not annihilate all n-tangles P n 
with only virtual crossings. 

To prove Theorem 15 .61 we need only demonstrate that T(T n E) ^ where E 
is a n-tangle with a single virtual crossing. We postpone this proof until after 
the proof of Lemma 15.91 

We introduce the following propositions preliminary to the proof of Theorem 
15.61 The formulas in these propositions determine the number of the Jones 
polynomial of the closure T n P n . 

Proposition 5.7. If P is a (n-l)-tangle with only virtual crossings, we construct 
a n-tangle, P*, by attaching an additional strand on the right. Then the Jones 
polynomial of the closure of T n P* is determined by the following formula. 

T n P = T n _iP - -^T n _iP 

Proof: Apply the recursion relation shown in figure 1551 | 
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n-1 




Figure 38: Diagrammatic proof of Proposition 15 . 71 

Proposition 5.8. Let P be a n-tangle with only virtual crossings. We compute 
T n P recursively, and the depth of the recursion equation depends on the initial 
position of the rightmost strand in the n-tangle P. 

Proof: Let P be an n-tangle with only virtual crossings. We compute T n P 
recursively as shown in figures lSSl and lS^I We expand the diagram as in indicated 
in figure l3"51 The complexity of the recursion depends on the virtual crossings 
in P. | 

Remark 5.3. The question of handling this recursion in a systematic way is 
an interesting research question. 

Lemma 5.9. Let E denote the n-tangle with a single virtual crossing involving 
only the 1 st and the 2 nd strands. Then: 

d(cl(T n E)) = (d+ ...(d+^)(d-l) 

Proof: Wc apply formula from Proposition 15.71 to T n E. We calculate 
(cl{T 2 E)) = 1 - l/d. I 

We now prove Theorem 15.61 

Proof of Theorem 15.61 If T n is an idempotent, then T n E = 0. However, 
(cl(T n E)) ^ indicating that T n E is not the empty diagram. | 

The algebra generated by extending n-tangle diagrams by including virtual 
crossings is a diagrammatic version of the Brauer algebra. Note that each 
classical n-tangle diagram is expanded (via the bracket) into an element of the 
Temperly-Lieb algebra. It is this extension of the Temperly-Lieb algebra by 
virtual elements that is isomorphic to the Brauer alegebra. The Brauer algebra 
is described in £Q. We would like to understand the structure of the Jones- Wenzl 
projectors in the context of the Brauer algebra. Results in this area would help 
in understanding the extension of the WRT invariant that we have discussed in 
this paper. 



2N 




11-1 



i n-2 



n-3 



n-2 





Figure 39: Diagrammatic proof of Proposition 15. 81 
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